We consider the ultrashort light pulse propagation through an inhomogeneous monomodal optical fiber exhibiting higher-order dispersive effects. Wave propagation is governed by a generalized nonlinear Schrödinger equation with varying second-, third-, and fourth-order dispersions, cubic nonlinearity, and linear gain or loss. We construct a new type of exact self-similar soliton solutions that takes the structure of dipole via a similarity transformation connected to the related constantcoefficients one. The conditions on the optical fiber parameters for the existence of these self-similar structures are also given. The results show that the contribution of all orders of dispersion is an important feature to form this kind of self-similar dipole pulse shape. The dynamic behaviors of the self-similar dipole solitons in a periodic distributed amplification system are analyzed. The significance of the obtained self-similar pulses is also discussed. PACS numbers: 05.45.Yv, 42.65.Tg
investigated the propagation of self-similar optical solitons on a continuous-wave background in a quadratic-cubic non-centrosymmetric waveguide. Liu et al. [22] constructed a variety of spatiotemporal self-similar wave solutions for the (3 +1)-dimensional variable-coefficients NLSE with cubic-quintic nonlinearities. Serkin et al. [13] discovered solitary nonlinear Bloch waves of the bright and dark types in dispersion managed fiber systems and soliton lasers.
However, most investigations on the propagation of self-similar solitons in inhomogeneous fiber systems have been focused on bright, dark, and kink type self-similar solitary waves or solitons, as well as rogue and cnoidal waves. But many novel localized structures including for example dipole solitons, vortex solitons, and soliton trains have been demonstrated experimentally and theoretically in both one-and two-dimensional nonlinear media [23] - [28] . To our knowledge, no exact self-similar 'dipole' soliton solutions have been previously reported within the framework of the variable-coefficient NLSE models. Moreover, the control of self-similar localized pulses under the combined influence of GVD, TOD, FOD, and Kerr nonlinearity management has not been widespread. In this paper, we demonstrate the existence of self-similar pulses that takes a dipole structure in inhomogeneous highly dispersive optical fibers and investigate their propagation dynamics for different parameters.
Our results are presented as follows. Section II presents the method used for obtaining traveling wave solutions of the extended NLSE that describes the propagation of extremely short pulses inside a highly dispersive optical fiber medium. In Sec. III, we derive analytical bright and dipole soliton solutions of the model and their characteristics. In Sec. IV, the variation of fiber dispersions, nonlinearity, and gain or loss is considered and a similarity transformation to reduce the generalized nonlinear Schrödinger equation with varying coefficients to the related constant-coefficients one is presented. Self-similar dipole structures of the generalized NLSE and their dynamical behaviors in a periodic distributed amplification system are reported in Sec. V. Conclusions and future research directions are addressed in Sec. VI.
II. TRAVELING WAVES
In this section, we reduce the extended NLSE to an ordinary differential equation. The extended NLSE is derived for the assumptions of slowly varying envelope, instantaneous nonlinear response, and no higher order nonlinearities [30] . This nonlinear equation has the next form for the optical pulse envelope E(z, τ ),
where z is the longitudinal coordinate, τ = t − β 1 z is the retarded time, and α = β 2 /2, σ = β 3 /6, = β 4 /24, and γ is the nonlinear parameter. The parameters β k = (d k β/dω k ) ω=ω0 are the k-order dispersion of the optical fiber and β(ω) is the propagation constant depending on the optical frequency. This equation has been intensively studied for its importance from various view points [30] - [34] . In particular, the modulational instability phenomena of Eq. (1) have been analyzed in the region of the minimum group-velocity dispersion in [30] . In a very recent work, Kruglov and Harvey [31] presented an exact solitary wave solution having the functional form of 'sech 2 ' for the NLSE (1) including second-, third-, and fourth-order dispersion effects. Moreover, Karpman et al. [32, 33] have studied the time behavior of the amplitudes, velocities, and other parameters of radiating solitons. Shagalov [34] has investigated the effect of the third-and fourth-order dispersions on the modulational instability. Roy et al. [35] have also studied the role of TOD and FOD in the radiation emitted by fundamental soliton pulses in the form of dispersive waves within the framework of the dimensionless form of the NLSE (1).
We consider the solution of the generalized NLSE in the form,
where u(x) is a real function depending on the variable x = τ − qz, and q = v −1 is the inverse velocity. Also, κ and δ are the respective real parameters describing the wave number and frequency shift, while θ represents the phase of the pulse at z = 0. Equations (1) and (2) lead to the next system of the ordinary differential equations,
In the general case the system of Eqs. (3) and (4) is overdetermined because we have two differential equations for the function u(x). However, if some constraints for the parameters in Eq. (3) are fulfilled the system of Eqs. (3) and
(4) has non-trivial solutions. We refer the solution of the extended NLSE where the function E(z, τ ) is given by Eq.
(2) with u(x) = constant as non-plain wave or traveling wave solution.
The system of Eqs. (3) and (4) with = 0 yields the non-plain wave solutions if and only if the next relations are satisfied:
The system of Eqs. 
.
The relations in Eq. (5) reduce the system of Eqs. (3) and (4) to the ordinary nonlinear differential equation,
where the parameters b and c are
By analytically solving Eq. (7), we obtain the soliton structures that can propagate in the highly dispersive fiber medium. However, it would be very difficult to find the closed form solutions of such ordinary differential equation in which two even-order derivative terms coexist. Obtaining solutions in analytic form is of great interest since these are useful for instance to compare experimental results with theory. In following, families of soliton solutions having the functional form of 'sech 2 (.)' and 'sech(.)th(.)' are derived in presence of all physical parameters.
III. DIPOLE SOLITON IN HIGHLY DISPERSIVE OPTICAL FIBER
In this section, we consider the traveling wave solutions of Eq. (7) in the form,
The quartic dark soliton solution of this form is given by
where D = A + B and D = 0. In the case when D = 0 we have the sech 2 solitary wave. Substituting the function (10) into Eq. (7) and setting the coefficients of independent terms equal to zero, we obtain the following equations:
40 w 4 + 2bw 2 + γDB = 0, 120 w 4 + γB 2 = 0.
We now discuss solutions to these parametric equations for two cases: (1) for D = 0, and (2) for D = 0. In the case (1) with D = 0 and E 0 = −B we have
Further, we get from Eqs. (11) and (12) a condition on the parameter c as
Incorporating these results into Eq. (10), we obtain the following soliton solution to the extended NLSE (1) [31] :
where ξ = τ − v −1 z − η, with η being the position of the pulse at z = 0. The wave number κ follows from Eqs. (8) and (14) as
The velocity v and frequency shift δ in this soliton solution are given by Eqs. (5) and (6). Physically, Eq. (15) describes a bright stationary pulse with amplitude E 0 and inverse temporal width w depending on all order of dispersion as well as nonlinearity. It follows from Eq. (13) that this sech 2 solitary wave exists when the next two conditions are satisfied: γ < 0, 8α > 3σ 2 .
In the case (2) with D = 0, Eqs. (11) and (12) lead to the complex values for parameters B and D. However the function u(x) in Eq. (7) is real which contradicts to such complex parameters. Thus the extended NLSE given by Eq. (1) does not have a quartic dark soliton solution.
We have also found that Eq. (7) admits an exact dipole soliton solution of the form,
Inserting this solution into Eq. (7) and equating the coefficients of independent terms, one obtains
These equations yield the dipole soliton solution as
where ξ = τ − v −1 z − η. Thus we have the following relations for the pulse inverse width w and amplitude E 0 ,
Eqs. (18) and (19) yield the parameter c = 11b 2 /100 . Hence it follows from Eq. (8) that the wave number κ in the dipole soliton solution is given by
The velocity v and frequency shift δ in this dipole soliton solution are given by Eqs. (5) and (6) . It follows from Eq. (21) that the dipole soliton solution exists when the next two conditions are satisfied: γ > 0, 3σ 2 > 8α . The corresponding energy E of the dipole solitons is given by
Note that the energy of the pulse E is the integral of motion [dE/dz = 0] of the NLSE (1) for any pulses satisfying the boundary condition: E(z, τ ) → 0 for τ → ±∞. 
IV. TRANSFORMATION TO GENERALIZED NLSE WITH VARIABLE COEFFICIENTS
We consider in this section the variations of fiber dispersion, nonlinearity, and gain or loss. For our purpose, the dynamics of pulses is described by the following generalized NLSE with distributed coefficients:
where D(s), P (s) and Q(s) are the variable GVD, TOD, and FOD coefficients, respectively. The function R(s) stands for the varying Kerr nonlinearity coefficient, while Γ(s) denotes the amplification (Γ(s) > 0) or absorption coefficient (Γ(s) < 0). In the simplest case, when all the coefficients are constants and Γ(s) = 0, then Eq. (24) can be transformed into the constant-coefficient NLSE (1) . It is of interest to control optical solitons in communication systems when all orders of dispersion, nonlinearity, and gain or loss are varied as described by the NLSE (24) . In following, we first search for exact self-similar soliton solutions of the variable-coefficient NLSE (24) by employing the similarity transformation method and then discuss their propagation behaviors in a specified soliton control system.
We first construct the transformation [16] - [19] U
where A(s) is the amplitude, E(z, τ ) is the optical pulse envelope, z = z(s) and τ = τ (s, t) are two unknown functions to be determined, and φ(s, t) is the phase function. Upon substituting Eq. (25) into Eq. (24) leads to (1) , but now we must have the following set of equations:
Solving these equations self-consistently allows us to find the following parameters that characterize the self-similar pulse:
where k and p are parameters relative to pulse width and phase shift, respectively, τ (s, t) is the mapping variable, and z(s) represents the effective propagation distance. Here the subscript 0 denotes the initial values of the corresponding parameters at distance s = 0. Furthermore, the constraint conditions on the inhomogeneous fiber parameters are given as
Equations (38) and (39) show that the effective propagation distance and phase are strongly dependent on the FOD parameter Q(s). The latter influences the GVD coefficient D(s), Kerr nonlinear coefficient R(s), and TOD coefficient P (s) as seen from the preceding constraints. Hence, one can control the dynamics of propagating self-similar dipole solitons in the fiber medium by selecting the profile of this parameter suitably.
Thus, the general form of self-similar solutions of the generalized NLSE (24) is of the form
where the phase function φ(s, t) is given by Eq. 
where the traveling coordinate ξ is given by
and the phase of the field Φ has the form
where τ and z are given by Eqs. (37) and (38) respectively, while the phase φ(s, t) is given by Eq. (39) . From the results obtained above, we see that the contribution of all orders of dispersion is necessary for the existence of self-similar dipole soliton solutions for the generalized NLSE with distributed coefficients (24) . This is markedly different from the dipole structures of many constant coefficient NLSE models describing femtosecond pulse dynamics in homogeneous fibers [24] - [26] , which exist only when both GVD, TOD and FOD are compensated. It should be noted that the simultaneous compensation of various order of dispersion is generally more difficult in optical systems [24] . Therefore, our results could be of importance in applications of dipole type solitons in optical fiber systems exhibiting dispersive effects up to the fourth order.
To examine the dynamical evolution of the obtained self-similar structure in the optical fiber medium, it is worthwhile to consider a specific soliton control system. Here, we focus on studying the propagation of self-similar waves through a periodically distributed amplification system similar to that of Ref. [17] . Especially, we suppose that the FOD management takes the form of a cosinelike space-dependent rapidly varying function as [17] : Q(s) = d 4 cos(gz), while the gain function is given by Γ(s) = Γ 0 . Here d 4 and g are the parameters to describe FOD and Γ 0 represents the constant net gain or loss. From the practical point of view, the propagation with periodic dispersion is of great importance as it has application in enhancing the signal to noise ratio and reducing Gordon-Hauss time jitter and is also helpful in suppressing the phase matched condition for four-wave mixing [36, 37] . Then according to Eq. (38), the effective propagation distance can be obtained as z(s) = d4k 4 g sin(gz), implying that z varies periodically with the propagation distance s. Furthermore, the amplitude can be calculated from Eq. (36) as: A(s) = A 0 exp (Γ 0 s) . This means that the amplitude of the self-similar pulse will undergo increase (Γ 0 > 0) and decrease ( Γ 0 < 0) along the propagation distance, while it remains a constant when the gain (loss) vanishes (Γ 0 = 0). As concerns the other parameters, they can be obtained exactly through Eqs. (40) , (41) and (42). Consider first the most interesting case when the optical fiber medium does not subject to the effect of the gain or loss effect [i.e., Γ 0 = 0]. The evolution of the self-similar dipole soliton solution (44) calculated with the framework of the generalized NLSE (24) is shown in Figs. 1(a) and 1(b) with the parametric values: α = −1, γ = 2, σ = 1, and = 1 4 . Also we take k = p = 1, A 0 = 0.3098, d 4 = 1 8 , η = 0, g = 1, and t 0 = 0. From these figures, one can clearly see that the self-similar structure display a snakelike behavior along the propagation distance due to the presence of periodic distributed dispersion parameter Q(s). For such oscillatory trajectory, the self-similar pulse keep no change in propagating along optical medium although its position oscillate periodically (which is called "Snakelike" in Ref. [38] ).
When the self-similar dipole soliton is subjected to the action of a constant gain or loss, that is, Γ(s) = Γ 0 , its intensity decreases when Γ 0 < 0 and increase when Γ 0 > 0, and the time shift and the group velocity of the soliton pulse are changing while the soliton keeps its shape in propagation along the fiber [Figs. 2(a)-(b)]. One readily concludes that the gain parameter affects only the evolution of soliton peak and has no influence on the width or shape of the pulse.
Another interesting behavior appears when the gain or loss function is chosen to vary periodically with the propagation distance as Γ(s) = sin(s). This spatial profile of gain (loss) was first used in studying soliton management in inhomogeneous pure Kerr media [39] . The corresponding intensity profiles of self-similar dipole soliton are shown in Figs. 3(a)-(b) for the same values of parameters as those in Fig. 1 except A 0 = 0.1. As can be seen from this figure, in the presence of periodic gain, the dipole solitons emerge periodically in the inhomogeneous fiber system.
Let us now investigate the propagation dynamics of self-similar dipole pulses in a distributed fiber system whose FOD and gain or loss parameters are distributed according to [39] : Q(s) = tanh(s) and Γ(s) = sin(s). Figures 4(a) 
show the nonlinear evolution of the self-similar solution (44) for the same values of parameters as those in Fig. 1 except A 0 = 0.1. We observe an interesting periodic occurrence of dipole solitons appearing for this choice of dispersion and gain or loss management, as can be seen from Fig. 4 .
VI. CONCLUSION
In this paper, we have investigated the variable-coefficient nonlinear Schrödinger equation incorporating, at the highest order, a fourth-order dispersion, which governs the femtosecond optical pulse propagation in an inhomogeneous highly dispersive fiber media. We have first constructed the relation between this generalized wave equation and the related constant-coefficients one via a similarity transformation. Then based on the obtained transformation, we have derived the exact self-similar dipole soliton solutions of the considered model. Conditions on the varying optical fiber parameters for the existence of these self-similar structures are also presented. It is found that the existence of these self-similar dipole solitons in an inhomogeneous highly dispersive optical fiber media crucially depends, indeed, on all orders of dispersion. We have further discussed the propagation dynamics of self-similar waves in dispersion changing periodically fiber system. It is observed that the self-similar wave structure and dynamical behavior can be controlled by choosing appropriate parameters of fourth-order dispersion and gain or loss.
An issue of prime importance is the stability of self-similar solitons with respect to perturbations. This is because only stable (or weakly unstable) solitary waves are promising for experimental observations and practical applications [20, 40] . It should be noted that the stability analysis can be achieved by numerical simulations and the linear stability theory of the solutions with perturbations initially implanted. For the present generalized nonlinear Schrödinger equation model with varying coefficients, we have found that the obtained self-similar dipole structures essentially exist due to a balance among all order of dispersion and Kerr nonlinearity effect. The stability aspects of such privileged localized light pulses typically require detailed individual analysis based on such balance aspects. Detailed stability analysis are now under investigation.
